
Chapter 3
Context-free Languages

In the previous chapter, we discussed the class
of regular languages and its corresponding �-
nite automata. We know that many languages
are regular, but some other languages are not.

In this chapter, we discuss another important
class of languages, the context-free languages,
and the corresponding automata, the push-
down automata.

Context-free languages are very important, as
almost(?) all programming languages belong
to this class.

At �rst, we discuss a way to describe context-
free language, context-free grammars.
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Grammar

The following is an example of a (context-free)
grammar, G1;

A ! 0A1

A ! B

B ! ]

Generally speaking, a grammar consists of a
set of substitution rules, each of which com-
prises a variable on the left and a string of
variables and other symbols, called terminals,
on the right.

Variables are often represented by capital let-
ters, while terminals represented by lowercase
letters, numbers and other symbols. One vari-
able is designated as the start symbol.
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From a grammar...

A grammar describes a language by generating
each string of that language in the following
way:
1. Write down the start variable.
2. Find a variable that is written down and a
rule that starts with that variable. Replace the
variable with the right-hand side of that rule.
3. Repeat step 2 until no variables are left.

For example, G1 generates the string 000 ]111
in the following derivation:

A ) 0A1 ) 00 A11 ) 000 A111
) 000 B 111 ) 000 ]111 :

The derivation of a string can also be repre-
sented by using a parse tree.
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...to its language

All strings generated via derivations constitute
the language of the grammar, G; and denoted
as L ( G) :

For example, L ( G1) = f 0n ] 1ng:

Below is another context-free grammar, G2 :

< S > ) < NP >< V P >
< NP > ) < CN > j < CN >< P P >
< V P > ) < CV > j < CV >< P P >
< P P > ) < P REP >< CN >
< CN > ) < ART ICLE >< NOUN > j < NOUN >
< CV > ) < V ERB > j < V ERB >< NP >

< ART ICLE > ) ajthe
< NOUN > ) boyjgirl jf lower
< V ERB > ) touchesjlikes jsees
< P ERP > ) with

Question: What is L ( G2)?

Answer: It takes a while to �nd out, but...
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...the following are strings of L ( G2) :

a boy sees
the boy sees a flower
a girl with a flower likes the boy

Below is a derivation that derives the �rst string.

< S > ) < NP >< V P >

) < CN >< V P >

) < ART ICLE >< NOUN >< V P >

) a < NOUN >< V P >

) a boy < V P >

) a boy < CV >

) a boy < V ERB >

) a boy sees
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Formal de�nition

De�nition: A context-free grammar is a 4-
tuple ( V; � ; R; S ) ; where
1. V is a �nite set called the variables,
2. � is a �nite set, called the terminals,
3. R is a �nite set of rules, each of which
contains a variable and a string of variables
and terminals, and
4. S is the start variable.

If u; v and w are strings of variables and termi-
nals, and A ! w is a rule of the grammar, we
say that uAv yields uwv; written as uAv ) uwv:
We also write u �) v if either u = v or there is
a sequence u1; u2; : : : ; u k ; k � 0 and

u ) u1 ) u2 ) � � � ) uk ) v:

The language of the grammar is f wjS �) wg:

Any language that can be generated by a context-
free grammar is called a context-free language.
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Examples

Let G3 = ( f Sg; f a; bg; R; S ) ; where R is the fol-
lows:

S ! aSbjSSj�:

L ( G3) contains strings such as abab, aaabbb,
and aababb. If you interpret a as the left paren-
thesis and b the right one, then L ( G3) is the
language of all strings of properly nested paren-
theses.

Consider G4 = ( f E; T; F g; f a; + ; � ; ( ; ) g; R; f E g) ;
where R contains the following rules:

< E > ! < E > + < T > j < T >

< T > ! < T > � < F > j < F >

< F > ! ( < E > ) ja
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Grammar G4 describes a segment of a pro-
gramming language concerned with arithmetic
expressions. G4 generates such strings as a +
a � a and ( a+ a) � a: Below show the respective
parse trees.

Notice that in the tree for a + a � a; the sub-
expression a � a is grouped together as one
operand, while in the tree for ( a + a) � a, a + a
is grouped together, presumably, because of
the parentheses. Thus, G4 does capture the
required precedence and its override.

Homework: Exercise 2.1.
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Ambiguity

Some grammar generates a string in more than
one ways. Such a string thus will have several
di�erent parse trees, which lead to di�erent
meanings.

This phenomenon is undesirable for certain ap-
plications, particularly, in programming languages.

If a grammar generates the same string in sev-
eral di�erent ways, we say that the string is de-
rived ambiguously in that grammar. If a gram-
mar generates any string ambiguously, we say
the grammar itself is ambiguous.
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Examples

Assume that grammar G5 contains the follow-
ing rule:

< E > ! < E > + < E > j < E > � < E >

< E > ! ( < E > ) ja

then, it generates a + a � a ambiguously.

Similarly, G2 is also an ambiguous grammar.

For example, it generates the following string
ambiguously, \The girl touches the boy with
the 
ower" by generating two di�erent parsing
trees. In the �rst, \with the 
owers" is inter-
preted as part of a common verb; while in the
second, it is part of the whole sentence.

It thus gives it two di�erent meaning.
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An exception

Sometimes, a string can have two di�erent
derivations but the same parse tree. For ex-
ample, we can apply G4 to derive a + a � a in
two di�erent ways, but both sharing the same
parse tree. This is not considered as ambigu-
ous.

To concentrate on the structural issue, we de-
�ne the derivation of a string in a grammar is a
leftmost derivation if at every step the leftmost
remaining variable is the one replaced.
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Really ambiguous

De�nition: A string w is derived ambiguously
in context-free grammar G if it has two di�er-
ent leftmost derivations. A grammar is am-
biguous if it generates some string ambigu-
ously. G2 is such a grammar.

If a language can only be generated by an am-
biguous grammar, it is called inherently am-
biguous.

English is such a language.

Homework: Exercise 2.9.
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Chomsky normal form

Chomsky normal form is one of the simplest
and most useful form of a context-free gram-
mar.

De�nition: a context-free grammar is in Chom-
sky normal form if every rule is of the form:

A ! BC

A ! a

S ! �;

where a is any terminal and A; B and C are any
variables, except that neither B nor C can be
the start variable.

Theorem 2.6: Any context-free language is
generated by a context-free grammar in Chom-
sky normal form.

Homework: Problem 2.19.
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Proof: The proof is done via construction,
i.e., given any context-free grammar, we grad-
ually replace all the illegal rules with those that
are both legal and equivalent. At the end, we
come up with a CN grammer that is equivalent
to the original one.

1. Add in a new start variable S0 and the rule
S0 ! S; where S is the old start symbol. Thus,
S0 won't occur on the right of any rule.

2. Remove any rule in the form of A ! �; and
then for each occurrence of A on the right-
hand side of a rule, we add a new rule with the
occurrence removed, re
ecting all the e�ects
of A ! �:

For example, if we have a rule R ! uAvAw;
we would add in three: R ! uvAw; R ! uAvw;
and R ! uvw: (?)
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3. We remove any unit rule A ! B: Then
whenever a rule B ! u appears, we add the rule
A ! u; unless this is a rule previously removed.

Now, every rule has at least two symbols on
the right.

4. For each rule A ! u1u2 � � � uk ; k � 3; we re-
place it with the following rules: A ! u1A 1; A 1 !
u2A 2; : : : ; A k� 2 ! uk� 1uk :

Every rule has two symbols on its right,...

Finally, for u i is a terminal symbol, we replace
it with a new variable Ui and add in a rule
Ui ! u i : 2

... and both are variables.
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An example

Let a CFG G6 be the following grammar:

S ! ASA jaB

A ! B jS

B ! bj�

1. Below is the result of applying the �rst step
to make a new start symbol, S0 :

S0 ! S

S ! ASA jaB

A ! B jS

B ! bj�

2.1. Removal of B ! � rule leads to the fol-
lowing:

S0 ! S

S ! ASA jaB ja

A ! B jSj�

B ! b
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2.2. Removal of A ! � rule leads to the fol-
lowing:

S0 ! S

S ! ASA jaB jajSA jAS jS

A ! B jS

B ! b

3.1. Removal of unit rules S ! S leads to the
following:

S0 ! S

S ! ASA jaB jajSA jAS

A ! B jS

B ! b

3.2. Removal of S0 ! S leads to the following:

S0 ! ASA jaB jajSA jAS

S ! ASA jaB jajSAjAS

A ! B jS

B ! b
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3.3. Removing A ! B and A ! S lead to the
following, respectively:

S0 ! ASA jaB jajSAjAS
S ! ASA jaB jajSAjAS
A ! Sjb
B ! b; and,

S0 ! ASA jaB jajSAjAS
S ! ASA jaB jajSAjAS
A ! bjASA jaB jajSA jAS
B ! b

4. After introducing additional rules and vari-
ables, we eventually obtain the following:

S0 ! AA 1 jUB jajSAjAS
S ! AA 1 jUB jajSAjAS
A ! bjAA 1 jUB jajSAjAS

A 1 ! SA
U ! a
B ! b

Homework: Exercise 2.14.
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Pushdown automata

Now, we present the automata corresponding
to the context-free languages: the pushdown
automata (PDA).

PDA's are quite similar to the NFA's, except
that they also have a boundless stack as an ex-
tra memory component, which allows the au-
tomata to accept some non-regular languages.

PDAs are equivalent to the context-free gram-
mars, which gives us two options for proving
that a language is context free: we can either
write a context-free grammar to generate or
to produce a pushdown automata to accept it.
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How does a PDA work?

A PDA can write symbols on the stack and
read them back later. Writing a symbol \pushes
down" all the other symbols currently on the
stack. Reading a symbol \pops" it. Just like
the ordinary stack, at any moment, an element
can only be pushed at the top and only the top
element can be popped o�.

Let's see how a PDA accepts f 0n1n jn � 0g:
Given a string, the PDA pushes all the`0's it
sees into its stack. As soon it sees a `1', it
pops o� a `0' for this `1'. The process con-
tinues. It accepts this input string i� all the
input symbols are read exactly when the stack
becomes empty for the �rst time.

Incidentally, NPDA is not equivalent to PDA.
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Formal de�nition

The general situation in a PDA is that in a cer-
tain state, the PDA reads in an input symbol,
observes the top of the stack, then get into a
new state and possibly replace the original top
element of the stack with a new one. Because
we allow NPDA, there could be several legal
next moves. Finally, the alphabet of the stack
can be di�erent from that of the inputs.

De�nition: A PDA is a 6-tuple ( Q; � ; � ; �; q 0; F ) ;
where Q; � ; � ; and F are all �nite, and
1. Q is the set of states,
2. � is the input alphabet,
3. � is the stack alphabet,
4. � : Q � � � � � � 7! P ( Q � � � ) is the transition
function,
5. q0 is the start state, and
6. F � Q is the set of accept states.
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How does a PDA compute?

A PDA M = ( Q; � ; � ; �; q 0 ; F ) computes as fol-
lows. It accepts an input w = w1w2 � � � wn ;
where each wi 2 � and a state sequence r 0; r 1;
: : : ; r n 2 Q; and a string s0; s1; : : : ; sn 2 � � ex-
ists such that
1. r 0 = q0 and s0 = �:
2. For i = 0 ; : : : ; n � 1; we have that

� ( r i ; w i +1 ; a) = ( r i +1 ; b) ;

where si = at and si +1 = bt for some a; b 2 � �

and t 2 � � :
3. r n 2 F:

In the above, all the elements of � � ; such as
si ; t; represent the contents of the stack.
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Examples of PDA

Below shows a PDA that accepts the language
f 0n1n jn � 0g: M 1 = ( f q1; q2 ; q3; q4g; f 0; 1g; f 0; $g;
�; q 1; f q1; q4g) ; where the transition function � is
given by the following table.

Note that a transition rule ( q; a; b) 7! ( q0; c) ;
means that if the PDA, in state q; reads an
input a; while the top of the stack is b; then
it moves to q0; and replace b with c: If a = �;
then PDA can make this move without reading
in any input; if b = �; then PDA can make
this move without reading and popping any
element; if c = �; then the PDA doesn't need
to push in any new symbol into the stack.
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State Diagram

Similar to the FA case, it is a lot easier to use a
graphical notation to represent a PDA, mainly
its transition. We again adopt the notation of
the state diagram.

Below is the state diagram of M 1 ; if which, for
any transition rule, ( q; a; b) 7! ( q0; c) ; we label
an arrow from q to q0 with a; b 7! c:
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A little but useful trick

The formal de�nition of PDA does not specify
any mechanism to test if the stack is empty.

We provide M 1 with an additional stack sym-
bol, $, and put it in as an initial symbol. Thus,
when this symbol is read again, M 1 knows the
stack is empty.

This technique is actually pretty general, and
can be used in other cases as well.
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NPDA comes in....

How does a PDA accepts the following lan-
guage?

f ai bj ck j i; j; k � 0 and i = j or j = kg:

Informally, the PDA begins by reading and push-
ing all the a's into the stack, then match them
with either the b's or the c's. The question is
which one?

This is when NPDA comes into the scene, us-
ing the rule of �; � ! �:

An NPDA can guess whether to match with
b's or c's, as shown by the following �gure.
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Another example

The following shows a NPDA that accepts all
the palindromes consisting of 0 and 1, i.e., the
language f wwR jw 2 f 0; 1g� g:

It begins to put the $ into the stack, then keeps
reading and pushing. At each point, it guesses
that the mid point of the string has been read,
thus begins to pop the stack to match the rest
of the input. If after all the pops, the stack is
empty, it accepts the input, otherwise, rejects
it. The fact is that an input is a palindrome i�
there is a copy that succeeds, which is all we
need.

Homework: Exercise 2.5.
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CFG � NPDA

Theorem: If a language is context-free, then
some NPDA accepts it.

If a language is context-free, there exists a
CFG, G; that generates its language. We will
construct a NPDA that accepts an input i� G
generates it.

Receiving an input string, the NPDA begins
by writing a start variable on its stack. This
NPDA will then guess which substitution rule
in G to use for the next derivation step.

The bottomline is that if the grammar does
generate such a string, the machine will be able
to construct it, when it accepts this string.
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A trick

One obvious place to store all the intermediate
strings in the NPDA is to put them in its stack.
However, as the PDA has to simulate further
derivations, it has to look for variables, which
are not always at the top of the stack. This
leads to a problem.

The solution is to keep on popping o� the ter-
minal symbols at the top of the stack with the
corresponding symbols in the input string. If
they don't match, we simply drop this branch.
Thus, the top element is always a variable to
be further developed.
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An informal presentation

1. Place the marker symbol $ and the start
variable on the stack.

2. Repeat the following steps:
a. If the top of the stack is a variable symbol
A; nondeterministically select one of the rules
for A and substitute A with the right-hand side
of the rule.

b. If the top of the stack is a terminal symbol
a; read the next symbol from the input and
compare it with a: If they do match, repeat.
Otherwise, reject this branch. If all branches
are rejected, reject the input.

c. If the top of the stack is $ when all the
symbols are read, enter the accept state to
accept this input.
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Proof: We construct an NPDA,

P = ( Q; � ; � ; �; q start ; f qaccept g)

for a given CFG.

Besides qstart and qaccept ; we also need qloop ;
and other states needed to elaborate our sim-
pli�cation. We begin to de�ne �; by imple-
menting step 1 using � ( qstart ; �; � ) = f ( qloop ; S$) g;
where S is the start variable in the CFG. Below
are the rules for the main loop:

1. For every rule A ! w; add in

� ( qloop ; �; A ) = f ( qloop ; w) g:

2. For every terminal symbol, a; add in

� ( qloop ; a; a) = f ( qloop ; � ) g:

3. Finally, add in

� ( qloop ; �; $) = f ( qaccept ; � ) g:2
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Yet another trick

Let q; r be states of a PDA, let a 2 � � ; s 2 � � ;
and let w = w1 � � � wl 2 � � ; we use

� ( q; a; s) = ( r; w )

to mean that, in state q; after reading a from
the input and seeing s in the stack, the PDA
will go to state r; pop o� s and write w into
the stack.

This simpli�cation can be elaborated by intro-
ducing new states, q1; : : : ql � 1 and adding the
following transition rules.

� ( q; a; s) = � ( q; a; s) [ f ( q1 ; w l ) g

� ( q1 ; �; � ) = f ( q2; w l � 1) g;

� ( q2 ; �; � ) = f ( q3; w l � 1) g;

� � �

� ( ql � 1; �; � ) = f ( r; w 1) g
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The state diagram

Below is the state diagram of the general NPDA
we just developed.

Question: Will this NPDA accept something
which is NOT in the language?

Answer: No, it goes to the last rule to accept
a string only when the input string is empty.
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An example

Given the following CFG:

S ! aT bjb

T ! T aj�:

Below is the diagram of an equivalent NPDA.

Homework: Exercise 2.2.
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Theorem: If a NPDA accepts a language, it
must be a CFL.

Given a NPDA, P; we want to generate a CFG,
G; that generates all the strings P accepts. In
other words, G should generate a string i� it
brings P from its start state to its accept state.

For each pair of states p and q; we will have
a variable A pq; which generates all the strings
that bring P from p with an empty stack to
q with an empty stack. The key point is that
such strings also take P from p to q; without
touching anything in the stack. Particularly,
A qstart ;qaccept will generate all the strings that P
accepts.

We modify P so that 1) it has a single accept
state, 2) it empties its stack before accepting
and 3) each transition either pushes a symbol
into a stack or pops one o� the stack, but does
not do both.
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How to do it?

1. How to have only one accept state?

Let P be a NPDA with jF j > 1: We convert P
to another NPDA P 0 such that L ( P 0) = L ( P )
and P 0 has only one accept state as follows:
We add in a new state qf as the only accept
state of P 0; and, for every original accept state,
q in P; we insert a transition from q to qf with
a label �; � ! �:

2. How to empty the stack?

Let P be a NPDA with qs as its start state,
and qf as its only accept state, and let $ be
the special \end-of-stack" symbol. We add in
a new start state, qS; and a new accept state,
qF ; and the following transition rules: a) We
add in �; �; ! $ in between qS to qs; and b)
�; $ ! � in between qf to qF ; c) For every 
 2 � ;
we add in �; 
 ! � from qf back to qf :
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3. How to let all the rules either push in a
symbol, or pop o� a symbol, but not both?

a) Assume there are rules that do both. Let
a; b ! c be a transition rule between p and q:
We add in a new state, r; in between p and q
and replace the original rule with the following
two rules: a; b ! � between p and r ; and �; � ! c
between r and q:

b) Assume there are rules that do nothing. Let
a; � ! � be a transition rule between p and q:
Let 
 2 � ; we add in a new state, r; in between
p and q; and then replace the original one with
the following two rules: a; � ! 
 between p and
r ; and �; 
 ! � between r and q:

After such adjustment, P now satis�es all the
desired properties. Now what?
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A key observation

For any string x; P 's �rst move on x must be
a push, as there is nothing to pop at the very
�rst moment; similarly the last move on x must
be a pop, as the stack must be emptied after
the last moment.

Two things can happen during the computa-
tion on x : Either the symbol popped at the
end is the same symbol P pushed on the stack
at the very beginning, or not.

If it is the case, then the stack is empty only
at the beginning and the end. Otherwise, the
very �rst symbol must be popped o� at some
point and thus the stack becomes empty at
this point.
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We simulate the �rst case with the rule

A pq ! aA rs b;

where a is the �rst symbol P reads after it
reaches state p; and b is the last symbol it reads
before entering q; and r is the state following
p and s is the state preceding q.

We also simulate the second case with the rule

A pq ! A pr A rq ;

where r is the state where the stack became
empty for the �rst time. Notice that r 6= q for
this case. Otherwise, we are going back to the
�rst case.
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The proof

Let P = ( Q; � ; � ; �; q 0; f qaccept g) ; and construct
G = (� ; V; Aq0 ;qaccept ; R) ; where V = f A pqjp; q 2
Q; g:

We continue to de�ne R; the collection of rules
for G:

1. For each p; q; r; s 2 Q; t 2 � ; and a; b 2 � � ; if
( r; t ) 2 � ( p; a; � ) and ( q; � ) 2 � ( s; b; t) ; then add
in the rule

A pq ! aA rs b:

2. For each p; q; r 2 Q; add the rule

A pq ! A pr A rq :

3. Finally, for every p 2 Q; add in

A pp ! �: 2
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They are equivalent

We will show that given any NPDA, P; the just
constructed grammar, � ; generates exactly the
same language as P accepts.

We will actually prove something a bit more
general: For any two states p; q 2 Q; A pq gen-
erates x 2 � � ; i� x brings P from p with empty
stack to q with empty stack.

Once this proved, then in particular we have
that A q0;qaccept generates x i� x brings P from
q0 to qaccept ; i.e., L ( P ) = L (�) :
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Claim 1: If A pq generates x; then x can bring
P from p with empty stack to q with empty
stack.

Proof by induction on the number of steps in
the derivation of x: If it takes only one step,
then the rule G uses can't have a variable on
its right-hand side. The only such rule is in the
form of A pp ! �: Clearly, � does take P from p
to p:

Assume that A pq ) x in k + 1 steps. Then the
�rst step will be either A pq ! aA rs b; or A pq !
A pr A rs : In the �rst case, consider the portion
y; of x; that A rs generates. Thus, A rs ) y in
k steps, thus, by the inductive assumption, y
brings P from r with an empty stack to s with
an empty stack.
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By construction, ( r; t ) 2 � ( p; a; � ) and ( q; � ) 2
� ( s; b; t) : Thus, beginning at p; P can reads in
a; goes to r and push t into the stack, and then
the string y brings it to s; without changing t;
�nally, it can read b; popping o� t and goes
into q: Therefore, x brings P from p to q with
empty stacks.

In the second case, consider the portions y and
z that A pr and A rq generates, respectively. Be-
cause P derive them in no more than k steps,
by the inductive assumption, y brings P from
p to r and z brings P from r to q; with empty
stacks. Hence, x brings P from p to q; as well.
This concludes the proof. 2
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Claim 2: If x can bring P from p with empty
stack to q with empty stack, A pq generates x:

Proof by induction on the number of steps in
the computation of P that goes from p to q
with empty stacks on input x: If it just takes 0
steps, then P must start and end in the same
state, p: Also, the only thing it can read in 0
steps is �: By construction, A pp ! � is a rule of
G:

Suppose P has a computation where x brings P
from p to q with empty steps in k+1 steps, then
either the stack is empty only at the beginning
and end of this computation, or it becomes
empty elsewhere, too.
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In the �rst case, the symbol, t; that is pushed
into the stack is the same as that is popped
at the last move. Let a be the input P reads
in the �rst move, and b be the symbol read
in the last move, r be the state after the �rst
move, and s be the state before the last move.
Then ( r; t ) 2 � ( p; a; � ) and ( q; � ) 2 � ( s; b; t) : By
construction, A pq ! aA rs b 2 G:

Let x = ayb: As y brings P from r to s without
touching t in k � 1 steps, by inductive assump-
tion,

A rs
�) y

Hence,

A pq
�) x:
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In the second case, let r be the state where the
stack became empty for the �rst time, then the
portions of computation from p to r and r to q
each contain at most k steps. Let y and s are
the strings that bring P from p to r and from r
to q respectively, by the inductive assumption,
A pr

�) y and A rq
�) z: Therefore,

A pq
�) x:

This completes the proof of the claim and the
proof of the equivalence result. 2
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Every regular language is CFL

By de�nition, a regular language is accepted
by an FA, which is a NPDA, without a stack,
or its stack is never used. Moreover, we just
proved that every language that is accepted by
a NPDA is a context-free language.

Thus, any regular language is trivially a context-
free language.

Homework: Try some of the problems in Ex-
ercise 2.4 and 2.6.

47



Non-context-free languages

We present another pumping lemma which can
be used to show that certain languages are not
context-free. Again the idea is that if A is
context free, it must satisfy certain properties.
Thus, if a language fails to satisfy any of these
\pumping" properties, it cannot be context-
free.

Theorem: If A is a context-free language,
then there is a number l; the critical length,
where, if s is any string in A of length at least l;
then s may be divided into �ve pieces s = uvxyz
satisfying the following three properties:
1. For each j � 0; uv i xy i z 2 A;
2. jvyj > 0
3. jvxy j � l:
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If A is context free, then there is a CFG, G;
that generates it. We want to show that any
su�ciently large string s in A can be pumped,
either up or down, and remains in A:

Let s be a \very long" string in A: Because
s 2 A; there is a parse tree for it, based on
G; with a long path. When the path is long
enough, according to the pigeonhole principle,
some variable, R; must repeat itself. The fol-
lowing �gure shows that we can replace the
parse tree under the second occurrence of R
with that under the �rst one and still derive a
string in A: This process can be repeated.
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Proof: Let G be a CFG for A; and let b be the
maximum number of symbols in the right-hand
side of a rule. Thus, in any parse tree of G; no
node can have more than b children. If we call
the start variable is at level 0, then the length
of the string at level 1 is no more than b; that
at level 2 is no more than b2; .... In particular,
let the height of the tree be h; then the length
of the string generated by this parse tree is no
more than bh:

In other words, let V be the number of vari-
ables in G; let l be bjV j+2 : Any string in A of
length l or greater can be generated only by a
parse tree of height at least jV j + 2 :
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Let s 2 A such that jsj � l (= bjV j+2 ) ; and let �
be the tree that generates s with the smallest
number of nodes.

As � has a height at least jV j + 2 ; some path
in � has a length at least jV j + 2 : As the last
symbol of this path must be a terminal symbol,
this path contains at least jV j + 1 variables.

By the pigeonhole principle, some variable, R;
must repeat in at least two di�erent locations
of �:

We select such an R that it repeats among the
lowest jV j + 1 variables.
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We now divide s into uvxyz as follows:

Each occurrence of R generates a part of s:
The upper occurrence of R generates vxy; which
is strictly longer than x; the part generated by
the lower occurrence of R: If this is not true,
i.e., both v and y are empty, then we can have
another tree, with the sub-tree rooted at the
upper occurrence of R being replaced with that
rooted at the lower occurrence of R; that still
generates s; with less variables. This contra-
dicts our assumption about �:

Thus, the second conclusion holds, i.e., jvyj >
0:
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The other two pieces

Now, we may replace, repeatedly, the parse
tree generated by the second occurrence of
R with that generated by the �rst one and
get parse trees to generate uv i xy i z; i � 1; and
other way around to get a tree that generates
uxz: Therefore, all the strings in the form of
uv i xy i z; i � 0 belong to A:

Finally, as both occurrences of R are located
within jV j + 1 variables in the path, thus, the
height of the subtree rooted at the upper oc-
currence of R is at most jV j + 2 ; which means
that the length of the string it generates, i.e.,
vxy is at most l (= bjV j+2 ) : 2
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Some examples

Example 1: B = f anbncn jn � 0g is not a CFL.

Assume that it is a CFL and let l be the critical
length given in the theorem.

Select s = alblcl : Obviously, s 2 B and jsj � l:
Hence, s = uvxyz: If v contains both a and b;
or y contains both b and c; uv2xy 2z 62B; as the
required pattern would be destroyed. Thus,
both v and y contain only one type of symbols.
However, in this latter case, uv2xy 2z 62B; ei-
ther, as the number of the respective symbols
won't match.

These results contradict the conclusion of the
pumping lemma for CFL. Therefore, B cannot
be a context-free language. 2

Homework: Exercise 2.13(a,b).
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Example 2: D = f wwjw 2 f 0; 1g� g is not a
CFL.

The critical point of apply pumping lemma is
to �nd an appropriate s; which is not always
easy. We might use s = 0 l10 l1: Clearly s sat-
isfy the conditions, thus, s can be split into
uvxyz: But, it does not lead to the needed con-
tradiction. For example, if x happens to be 1
and jvj = jyj; then uv i xy i z 2 D; i � 0:

The key observation is that any CFL has to
be accepted by a PDA, which can only use a
stack. Thus, if you can �nd a string in the
language which seems quite di�cult to accept
using a stack, this string might be a good can-
didate. For example, the string we used before
s = 0 l10 l1 is not that di�cult to be accepted
with a stack, but t = 0 l1 l0 l1 l is quite di�erent.
Why?
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We now split t into uvxyz: We know that jvxy j �
l: If vxy occurs in the �rst half of t; we can
show that the �rst symbol in the second half
of uv2xy 2z is a 1, which doesn't match with
the �rst symbol in the �rst half, a 0. Similarly,
it can't happen in the second half.

Thus, the vxy part can only occur in the mid-
dle. Then, the string uxz; must be in the form
of 0 l1 i 0 j 1 l : As v and y cannot be both �; i and
j cannot be both l: Hence, uxz 62D: 2

Since every regular language must be context
free, we know immediately that D can't be
regular (Exercise 17(b)).
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Context-sensitive grammar

De�nition: A context-sensitive grammar is a
4-tuple ( V; � ; R; S ) ; where
1. V is a �nite set called the variables,
2. � is a �nite set, called the terminals,
3. R is a �nite set of rules, each of which
contains a variable and a string of variables
and terminals, and
4. S is the start variables.

Moreover, for every rule in R; g ! h; jgj � j hj:

For any language, L; such that there exists a
context-sensitive grammar, � ; L (�) = L; we
say L is context sensitive.

Obvious, any CFL is a context sensitive.
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An example

The language f anbncn jn � 0g is context sensi-
tive, since given the following grammar, � ; we
can show that L (�) = f anbncn jn � 0g:

� contains the following variables: S; B; and C;
the terminal symbols a; b and c; with S as its
start variable, and the following rules:

S ! aSBC; S ! aBC;

CB ! BC; bB ! bb;

aB ! ab; bC ! bc;

cC ! cc:

For example,

S ! aSBC ! aaBCBC ! aabCBC

! aabBCC ! aabbCC ! aabbcC ! aabbcc:

Homework: General aaaabbbbccccusing the above
grammar.
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What automata?

We have so far seen that regular languages
correspond to (D)FA; conttext-free languages
correspond to NPDA; a natural question is then
what type of automata correspond to context
sensitive languages, i.e., those generated by a
context sensitive grammar?

A short answer is that context-sensitive lan-
guages correspond to linear bounded automa-
ton, a special kind of Turing Machine in the
sense that while its tape is initially considered
in�nite, only a �nite contiguous portion whose
length is a linear function of the length of the
initial input can be accessed by the read/write
head.

We will start with TM �rst.
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